
Fourier Analysis 04-02-2024.

Review.

Consider the heat equation on the real line

E= E ,
XERR

,
tho

[t(X , 6) = f(x) .

using the method of Fourier transform , we
have derived

a formal solution U(t) as follows :

2(x , t) = f * Ht ,
where

He=
T

, XERR
,
Alo

.

we call [HtIso the heat Kernel on IR
.

Below we will provide a theoretic check.



Schwartzspace :

Let S(IR) denote the collection of

all CO functionsf onR such that

for any k , e 20 ,

sup /x1 . /fe,x/ < 0
.

xz/R

Here we collect some easily checked properties of SSIM) .

· S(IR) is a vector space over &

· V feS(R)
,

f '- S(R)
.

·V f ES(R) , x fe S(R) .

·

More general , P(x) f(x) - SCR) for each polynomial P .



Prop2 : feS(IR) > ES(RR)
.

Pf. We only prove the
direction :

feS(IR) => &ESCR)
.

The other direction follows from the Fourier inversion
formula.

Suppose fESCIR) .

We need to show that

sub 131 . /7/30 &
,
120.

&- /R

Notice that

(2πix)f , E



Mix

F
:2(ff(x) E

, (2013)
%. Ec

dxR

In particular

sub/(HiRE% / > [0) F i
< 1 (since FES(IR)

=>

sub i 181 . /E 3) 0.

#



Thm3
.
Let fESCIR). Let

U(x ,t = f * Ht() .
Then

① UEC(RXR), E= on RRXR

· U(x ,+= f(x)ast - 0

③ Sin/4(x ,t) - f(x)) dx -> 0 as tto
.

Pf. Since U = -* Ht
,

both f
, He ES(IR)

,

it is not hard to show that

**Ht ESCR) > O
.

Now by Fourier inversion formula,
2πTEX

U(x , t) = S / ,+) e dx



(*) -> So <(3) ·G 4TB2t 2πi3*
Let us show

& exists

1, t+ot)
- U(x ,t))NFL -Hie

Ot
2π ; EX

·

e d

=)0 F(3).4TELBwille
Notice that

- pi's st

& - 1/ > const . 13

him t+ = 5 442s



By Lebesque's dominated convergence Thm,

im [0: -
-4T2% 4TTs-

-1.eNise
=> So If (319

-41 +
. 744334 · quilibrs

By similarly arguments , we see that

2 - CP(RRx /R+ )
.

By (*), We haveJo(3) 4Tht utis isas· C
and E = %%% F(3) · -

44232t
.74π3e2πiE3

.

So
= on 1RX1R*0

.

This proves O.

Part& is a consequence
that

[6ttso
is a good Kernel on R .



Below we prove & :

By Plancherel formula ,

50 /u(x ,t) - f(x)
=So 14 (3 .

+1 - F (3) as

=>

/ #(3)-
4423 t

- <(3)d
= S. 11 . 124

*t
- 1) d3

Notice that

173312. /--4432t-11" -> / M



By DCT,

Limo S (E(3)K1544332t-I d
- Spi (E(33) . )e

4432 Id
= 0 .

#



Q : Is U = f * > the unique solution

to the heat equation

\
E = EU on ARX1R

,

u(x , 0) = f(x) .

The answer is no .

Example 1. Let19(it) = * Hz(X) on (RX1+.

Check : · I - <P(Rx /+ )

⑭ on 1RxIR+

S
· lim U(x , t) = 0.
t->

However UEO is also a solution of
So has more than one solution

.


